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An analytic solution is presented for stresses induced in an elastic and isotropic disk by an eccentric
press-ﬁtted circular inclusion. The disk is also subject to uniform normal stress applied at its outer bor-
der. The inclusion is assumed to be of the same material as the annular disk and both elements are in a
plane stress or plane strain state. A frictionless contact condition is assumed between the two members.
The solution is obtained by using the general expression for a biharmonic stress function in bipolar coor-
dinates. The results show that the maximum of the von Mises effective stress due to the inclusion inter-
ference occurs in the ligament for large eccentricity, but it deviates from the symmetry axis for small
eccentricity. Moreover, along the border of the circular inclusion the hoop stress locally coincides with
the contact pressure, in agreement with a similar classical result valid for a half plane.
 2009 Elsevier Ltd. All rights reserved.1. Introduction asymptotic behavior of the stress as the ligament thickness tendsThe two-dimensional problem of the stress distribution in an
elastic isotropic disk containing an eccentric circular hole under
plane stress or plane strain has been studied by using two main ap-
proaches, one is based on the complex potential theory of elasticity
and the other makes use of bipolar coordinates and Airy stress
function. By following the latter approach, Jeffery (1921) found
the most general form of a biharmonic stress function in bipolar
coordinates and separated out the terms which give rise to many
valued displacement. He also examined some of the simpler appli-
cation of the theory, such as a cylinder with eccentric bore and a
half-plane with a circular hole. The stress and deformation ﬁelds
in an eccentric ring loaded by two opposite forces applied along
the symmetry axis was analyzed by Sen Gupta (1955). A similar
problem was solved by Miyao (1958). The problem of an eccentric
ring loaded by an arbitrary concentrated force applied on its outer
circular border was then investigated by Solov’ev (1958). Making
use of the Airy stress function in bipolar coordinates, Fukuzaki
and Shioya (1986, 1987) presented a solution to the problem of
the interaction between two circular elastic inclusions and an edge
dislocation in an inﬁnite elastic medium. Later, Wu and Marken-
scoff (1997) examined the problem of thermoelastic stresses in a
half-plane with a circular hole and in a circular cylinder with an
eccentrically located hole, and obtained the leading term of thell rights reserved.to vanish.
The most relevant mechanical problems that may be modelled
in terms of an eccentrically bored disk are pressurized components
and crankshafts. A pressurized, pipe-like component whose cross-
section may be described in terms of an eccentrically bored disk is
studied in Pilkey and Pilkey (2008), where design diagrams are
presented that report the stress concentration as a function of
the component geometry and pressure applied to the bore. With
reference to a crankshaft, the press-ﬁt of the crankpin into the bore
of a circular crankweb in pressed-up crankshafts may be modelled
as a contact problem between pin and web. Preliminary results are
presented in Strozzi and Vaccari (2003) in terms of maximum
equivalent stress in the web and transmissible torque versus the
imposed interference and assembly geometry. These authors as-
sumed a uniform distribution of the contact stress between the
annular region and the inclusion. Later, the analysis has been en-
hanced by Videnic and Kosel (2004) by using the complex variable
function method. These authors obtained a cumbersome analytical
expression for the stress and displacement ﬁelds in both rings, by
choosing an appropriate conformal mapping transformation. They
also assumed full continuity of tractions and displacements along
the circular contact boundary between the two rings. In their anal-
ysis, the shrink ﬁtted ring may recover the case of a circular inclu-
sion as its inner radius tends to vanish.
A similar problem has also been investigated by Hassan (1997).
This author studied the action of a concentrated force applied to
the axis of a circular cylindrical, elastic inclusion embedded in an
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Fig. 1. Cartesian and bipolar coordinate systems for the problem of a disk of radius
R containing an eccentric circular inclusion of radius r + d press ﬁtted in the disk
hole of radius r, at a = a1, and loaded by uniform radial stress q on the outer contour,
at a = a2.
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tween the outer body and the inclusion and that the contact surface
is frictionless. A considerable difﬁculty in his investigation arises
from the fact that the contact region is not known a priori and thus,
for the considered cylindrical geometry, the angle deﬁning the con-
tact region must be included among the unknowns of the problem.
The problem of an half-plane with a perfectly bonded circular
inclusion was addressed by Saleme (1958). However, this solution
does not include the rigid body displacement of the inclusion, as
pointed out by Shioya (1967). The problem of a circular inclusion
in a half-plane undergoing an expansion was than solved by Rich-
ardson (1969) by adopting the superposition principle introduced
by Eshelby (1957). Later, by using Papkovich–Neuber displacement
potentials, Lee et al. (1992) and Al-Ostaz et al. (1998) investigated
the elastic ﬁelds due to a circular inclusion embedded in an elastic
half-plane, subjected either to a uniform uniaxial stress at inﬁnity
or eigenstrain loading, for traction free or ﬁxed or frictionless
straight edge. These authors assumed vanishing shear tractions
along the interface between matrix and inclusion, thus allowing
sliding, and observed that the loading conditions on the half-plane
surface inﬂuence the degree of sliding. Moreover, by employing the
Cesaro’s formula Markenscoff (1996) and Markenscoff and Jasiuk
(1998) derived an integral condition on the interface strain jump
for a slipping inclusion of general shape.
Here, an exact explicit solution is presented for stresses and dis-
placements induced in an eccentric ring containing a circular inclu-
sion by a radial interference of the latter. A uniform radial loading
applied at the outer border of the disk can also be considered. Dif-
ferently from Videnic and Kosel (2004), the eccentric ring and the
inclusion are assumed in frictionless sliding contact, so that only a
normal contact pressure is transmitted between the two bodies.
The analytic solution is herein obtained by following the approach
introduced by Jeffery (1921), which is based on the general solu-
tion in bipolar coordinates of the biharmonic equation for the Airy
stress function in the form of inﬁnite Fourier series for the stress
and displacement ﬁelds. As the ligament thickness becomes van-
ishing small, the sum of inﬁnite series does not converge uni-
formly. However, the considered approach provides the order of
the singularity and a bound for the leading order term of the hoop
stress in the ligament. For an exact evaluation of its limiting behav-
ior reference is made to the method of singular asymptotic analysis
developed by Wu and Markenscoff (1997).
In the present work, the cylindrical inclusion is assumed as so-
lid, whereas in pressed-up crankshafts, a hollow pin is often
adopted to limit the weight of the assembly. However, it is known
that a moderately hollowed pin (inner to outer radius lower than,
say, 0.5) behaves, in terms of overall compliance, reasonably simi-
lar to a solid pin, as shown by Bowen and Bhateja (1980) in the
ﬁeld of rollers for roller bearings, and Pioli et al. (2009) in the realm
of piston-pin assemblies. Therefore, it may be concluded that the
present solution is applicable to the majority of the geometries
encountered in pressed-up crankshafts.
Finally, it is observed that in Strozzi and Vaccari (2003) three
approximate solutions have been supplied for the title problem
(see their Fig. 5); the selectionof themost suitable solution to beem-
ployed for predictive purposes varies depending on the target vari-
able, e.g. contact pressure, maximum stress, transmissible torque.
Conversely, themodel favoured in the present study is exact (within
the limits of the assumption of frictionless contact), so that the de-
signer is relieved from the selection of the most suitable model.2. Problem description by using bipolar coordinates
The problem here considered and presented in Fig. 1 consists in
an elastic and isotropic disk with an eccentric circular elastic inclu-sion, under plane stress or plane strain conditions. The inclusion is
press-ﬁtted within the hole. For the sake of simplicity, we assume
that both members are made of the same elastic material. To point
up the analytical treatment of the press-ﬁt between an eccentric
ring and a circular inclusion, the process is divided into two steps.
In the initial unloaded state, the eccentric ring has inner radius r,
outer radius R and eccentricity e. The radius of the unloaded circu-
lar inclusion is r + d, where d denotes the radial interference. The
circular inclusion is ﬁrst compressed by uniform pressure p applied
over its border, in order to decrease its radius up to the inner radius
r of the eccentric ring. After the application of the compressive
loading, the inclusion is assembled within the disk. A similar result
can be achieved by heating the eccentric ring or cooling the
inclusion.
Following Jeffery (1921), we solve the elastic problem in bipolar
coordinates (a,b), which are deﬁned by the following complex rela-
tion and its inverse complex mapping
z ¼ a cothx
2
¼ a e
x þ 1
ex  1 ; x ¼ ln
zþ a
z a ; ð2:1Þ
where a is a positive length, z = x + iy and x = a  ib are two com-
plex planes. Separation of real and imaginary parts in Eq. (2.1)1
leads to the following relation between Cartesian and bipolar
coordinates
x ¼ a sinha
cosha cosb ; y ¼
a sinb
cosha cos b : ð2:2Þ
Elimination of b from Eq. (2.2) yields
ðx a cothaÞ2 þ y2 ¼ a
sinha
 2
: ð2:3Þ
Eq. (2.3) denotes a family of coaxial circles centered on the x-axis at
distance a cotha from the origin and radius a/sinha. The inner and
outer circular contours of the eccentric ring are deﬁned by a = a1
and a = a2, respectively, with 0 < a2 < a1. The values of a1 and a2 fol-
low from the radii of the inner and outer circles and the distance e
between the centers of the two circles as
a1 ¼ arccoshR
2  r2  e2
2er
; a2 ¼ arccoshR
2  r2 þ e2
2eR
: ð2:4Þ
The length a and the thickness of the ligament k are given by
a ¼ 1
2e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðR2 þ r2  e2Þ2  4r2R2
q
; k ¼ R r  e; ð2:5Þ
respectively. The polar angle h around the circle deﬁned by a con-
stant value of a is associated with the bipolar coordinate b by the
following relations:
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coshaþ cos h ; cos h ¼
cosha cosb 1
cosha cos b : ð2:6Þ
For a constant, from differentiation of (2.6) it follows
dh ¼ sinha
cosha cosb db: ð2:7Þ3. Stress and displacement ﬁelds in bipolar coordinates
The problem is formulated using an Airy stress function v,
which satisﬁes the biharmonic equation DDv = 0. In bipolar coor-
dinates, this condition becomes (Jeffery, 1921):
o4hv
ob4
þ 2 o
4hv
oa2ob2
þ o
4hv
oa4
þ 2 o
2hv
ob2
 2 o
2hv
oa2
þ hv ¼ 0; ð3:1Þ
where
hv ¼ va2 ðcosha cosbÞ; ð3:2Þ
is the modiﬁed stress function. Correspondingly, the stresses are gi-
ven by the relations:
ra ¼ o
2hv
ob2
ðcosha cosbÞ  ohv
oa
sinha ohv
ob
sinbþ hv cosha;
rb ¼ o
2hv
oa2
ðcosha cosbÞ  ohv
oa
sinha ohv
ob
sin bþ hv cosb;
sba ¼  o
2hv
oboa
ðcosha cosbÞ:
ð3:3Þ
Since the expected stress distribution is symmetric with respect
to the x-axis, the modiﬁed stress function hv can be derived from
the most general solution of the biharmonic equation in bipolar
coordinates (3.1), which contains only even terms in b and gives
rise to single-valued displacements. This general solution has been
obtained by Jeffery (1921) in the form
hv ¼ Baðcosha cos bÞ þ
X1
n¼1
unðaÞ cosnb; ð3:4Þ
where
u1ðaÞ ¼ A1 cosh 2aþ B1 þ C1 sinh2a; ð3:5Þ
unðaÞ ¼ An coshðnþ 1Þaþ Bn coshðn 1Þaþ Cn sinhðnþ 1Þa
þ Dn sinhðn 1Þa; for nP 2: ð3:6Þ
The constants B, A1, B1, C1 and the sets {An,Bn,Cn,Dn} for nP 2, intro-
duced in Eqs. (3.5) and (3.6), must be determined from the bound-
ary conditions. The stress components obtained from the stress
function (3.4) are
ra ¼ B sinhaðcosha cosbÞ þ
X1
n¼1
unðaÞ½cosha cosnbf
n2ðcosha cos bÞ cosnbþ n sin b sinnb
u0nðaÞ sinha cosnb

;
rb ¼ B sinhaðcosha cosbÞ þ
X1
n¼1
unðaÞðcos b cosnbf
þn sinb sinnbÞ u0nðaÞ sinha cosnb
þu00nðaÞðcosha cos bÞ cosnb

;
sba ¼ ðcosha cosbÞ B sin bþ
X1
n¼1
nun0ðaÞ sinnb
" #
:
ð3:7ÞFor convenience, the normal and shear tractions (3.7)1,3 along an
arbitrary circular contour deﬁned by a constant value of the coordi-
nate a can be written as Fourier series expansions, namely
ra ¼ A1 cosh2aþ B1 þ C1 sinh2a B sinhaðcosha cosbÞ
þ
X1
n¼1
1
2n
½Un1ðaÞ  2UnðaÞ coshaþUnþ1ðaÞ
 2WnðaÞ sinha cosnb;
sba ¼ Bðcosha cos bÞ sinb
 1
2
X1
n¼1
½Wn1ðaÞ  2WnðaÞ coshaþWnþ1ðaÞ sinnb;
ð3:8Þ
where
UnðaÞ ¼ nðn2  1ÞunðaÞ; WnðaÞ ¼ n u0nðaÞ: ð3:9Þ
The displacements ua and ub along the radial and tangential direc-
tions to the circle deﬁned by a constant value of a are given by
(Jeffery, 1921)
ua ¼ a4l ðk 1Þ
o
oa
hv
cosha cos b
 
 kþ 1
2
o
ob
hQ
cosha cos b
  	
 ðcosha cos bÞ;
ub ¼ a4l ðk 1Þ
o
ob
hv
cosha cosb
 
þ kþ 1
2
o
oa
hQ
cosha cosb
  	
 ðcosha cos bÞ;
ð3:10Þ
respectively. In Eq. (3.10), l is the elastic shear modulus and
k ¼ 3 4m; for plane strain;3m
1þm ; for plane stress;
(
ð3:11Þ
where m is the Poisson’s ratio of the material. The function hQ is
determined from hv by the conditions
hQ ¼
ZZ
o2hv
oa2
 o
2hv
ob2
hv
 !
dadb;
o2hQ
oa2
 o
2hQ
ob2
hQ ¼4 o
2hv
oaob
;
ð3:12Þ
apart from a possible rigid body motion along the direction of the x-
axis, deﬁned by a term of the form D sinb. Introduction of (3.4) in
(3.12) yields
hQ ¼ 2Bbðcosha cosbÞ þ 2ðA1 sinh2aþ C1 cosh2aÞ sin b
þ 2
X1
n¼2
½An sinhðnþ 1Þaþ Bn sinhðn 1Þaþ Cn coshðnþ 1Þa
þ Dn coshðn 1Þa sinnb: ð3:13Þ
The hoop strain eb in the direction tangential to the circle deﬁned by
a constant value of a is given by
eb ¼ 18l ½ð1þ kÞrb  ð3 kÞra: ð3:14Þ4. Boundary and contact conditions
In order to shrink-ﬁt the circular elastic inclusion in the hole of
radius r, the radius of the inclusion is ﬁrst reduced from r + d to r by
applying a uniform pressure p along its circular border, where
p ¼ 4l
k 1
d
r
; ð4:1Þ
is the pressure required to reduce the radius of the inclusion.
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ment ﬁelds in the eccentric ring. The stress and displacement ﬁelds
within the circular inclusion can be divided in two contributions,
namely the hydrostatic stress ﬁelds due to the uniform compres-
sion p, deﬁned in (4.1), applied to the border of the inclusion in
order to reduce its radius, and the differential ﬁelds,
ra; rb; sba; ua and ub, produced by the additional contact stress
exchanged with the ring once the inclusion is assembled in the
hole. Then, the total stress ﬁeld within the inclusion is
ra ¼ ra  p; rb ¼ rb  p; sba ¼ sba: ð4:2Þ
Since the eccentric ring and the inclusion are assumed in fric-
tionless contact, only a normal contact pressure is transmitted be-
tween the two bodies. Therefore, vanishing of the shear stress can
be imposed along the sliding interface at a = a1, both for ring and
inclusion, namely
sbaða1;bÞ ¼ 0; sbaða1;bÞ ¼ 0: ð4:3Þ
Moreover, the continuity of the normal contact stress and radial dis-
placement between ring and inclusion can be imposed along the
contact contour, at a = a1, namely
raða1;bÞ ¼ raða1; bÞ  p; uaða1; bÞ ¼ uaða1;bÞ: ð4:4Þ
where the radial displacement of the inclusion ua is only that pro-
duced by the differential stress ﬁeld ra, not by p. Finally, on the out-
er boundary of the disk, at a = a2, the normal stress ra must
coincide with the assigned uniform loading q and the shear stress
must vanish, namely
raða2;bÞ ¼ q; sbaða2; bÞ ¼ 0: ð4:5Þ5. Determination of the unknown constants for the eccentric
ring
After the introduction of the stresses (3.8) in the boundary con-
ditions (4.3)1 and (4.5), we can compare like terms of the type
sinnb and cosnb, for n = 0,1,2,3, . . .. In particular, a comparison of
the constant terms (n = 0) at both hands of Eq. (4.5)1 gives
A1 cosh2a2 þ B1 þ C1  B2
 
sinh2a2 ¼ q: ð5:1Þ
Moreover, a comparison of the cosnb and sinnb terms in (4.3)1 and
(4.5), for nP 1, yields:
2WnðaÞ coshaWn1ðaÞ Wnþ1ðaÞ
 2dn1B coshaþ B dn2 ¼ 0; for a ¼ a1;a2; ð5:2Þ
Un1ða2Þ  2Unða2Þ cosha2 þUnþ1ða2Þ
 2Wnða2Þ sinha2 þ 2dn1B sinha2 ¼ 0; ð5:3Þ
where dnk is the Kronecker delta. Multiplying Eq. (5.2) by ena and
adding for n = 1 to inﬁnity, we obtain
W1ða1Þ ¼ W1ða2Þ ¼ B; ð5:4Þ
namely, by using (3.5) and (3.9)2:
2A1 sinh 2aþ 2C1 cosh2a B ¼ 0; for a ¼ a1;a2: ð5:5Þ
The constants A1,B1 and C1 for the eccentric ring can be determined
from conditions (5.1) and (5.5) in terms of the constant B as
A1 ¼  B sinhða1 þ a2Þ2 coshða1  a2Þ ;
B1 ¼ qþ B2 sinh2a2 þ tanhða1  a2Þ½ ;
C1 ¼ B coshða1 þ a2Þ2 coshða1  a2Þ :
ð5:6ÞMultiplying Eq. (5.2) by sinh(m  n)a, for mP 2, and adding for
n = 1 to m  1, by using (5.4) it follows that
Wmða1Þ ¼ Wmða2Þ ¼ 0; for mP 2: ð5:7Þ
By using (5.4) and (5.7), Eq. (5.3) yields
Un1ða2Þ  2Unða2Þ cosha2 þUnþ1ða2Þ ¼ 0; for nP 1: ð5:8Þ
Since the deﬁnition (3.9) implies that U1(a2) = 0, then a recursive
application of relation (5.8) yields
Unða2Þ ¼ 0; for nP 2: ð5:9Þ
By using Eqs. (5.7) and (5.9), the introduction of (3.6) in (3.9) yields
nðn2  1Þ An coshðnþ 1Þaþ Bn coshðn 1Þa½
þCn sinhðnþ 1Þaþ Dn sinhðn 1Þa ¼ UnðaÞ;
ðnþ 1Þ½An sinhðnþ 1Þaþ Cn coshðnþ 1Þaþ
ðn 1Þ½Bn sinhðn 1Þaþ Dn coshðn 1Þa ¼ 0;
ð5:10Þ
for a = a1,a2. Therefore, the constants An, Bn, Cn, Dn, for nP 2, can be
determined from the system formed by Eq. (5.10) evaluated at
a = a1 and a = a2 as
An ¼ Unða1Þnðnþ 1ÞHn sinhða1 þ na2Þ sinhnða1  a2Þ½
þn sinhða2 þ na1Þ sinhða1  a2Þ;
Bn ¼ Unða1Þnðnþ 1ÞHn sinhða1  na2Þ sinhnða1  a2Þ½
þn sinhða2  na1Þ sinhða1  a2Þ;
Cn ¼  Unða1Þnðnþ 1ÞHn coshða1 þ na2Þ sinhnða1  a2Þ½
þn coshða2 þ na1Þ sinhða1  a2Þ;
Dn ¼ Unða1Þnðnþ 1ÞHn coshða1  na2Þ sinhnða1  a2Þ½
þn coshða2  na1Þ sinhða1  a2Þ;
ð5:11Þ
where
Hn ¼ 2 sinh2nða1  a2Þ  n2sinh2ða1  a2Þ
h i
: ð5:12Þ6. Determination of the unknown constants for the circular
inclusion
Let us denote the constants for the differential stress and dis-
placement ﬁelds in the elastic inclusion with an overbar, namely
ra¼A1 cosh2aþB1þC1 sinh2aBsinhaðcoshacosbÞ
þ
X1
n¼1
1
2n
Un1ðaÞ2UnðaÞcoshaþUnþ1ðaÞ


2WnðaÞsinha

cosnb;
sba¼B ðcoshacosbÞsinb12
X1
n¼1
Wn1ðaÞ


2WnðaÞcoshaþWnþ1ðaÞ

sinnb

;
ð6:1Þ
where
UnðaÞ ¼ nðn2  1Þ An coshðnþ 1Þaþ Bn coshðn 1Þa
h
þ Cn sinhðnþ 1Þaþ Dn sinhðn 1Þa
i
;
WnðaÞ ¼ nðnþ 1Þ An sinhðnþ 1Þaþ Cn coshðnþ 1Þa
h i
þ nðn 1Þ
h
Bn sinhðn 1Þaþ Dn coshðn 1Þa
i
;
ð6:2Þ
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in (6.1) and (6.2) can be determined in term of the constant B intro-
duced in Section 5 by comparing the normal tractions and displace-
ments along the interface a = a1 between the ring and the circular
inclusion and also imposing that stress and displacement ﬁelds
must be bounded and single valued within the inclusion. Indeed,
from (6.1) and (6.2) the condition of regularity of the stress (and
displacement) ﬁelds within the inclusion, namely as a?1,
implies
B ¼ 0; ð6:3Þ
Cn ¼ An; for nP 1;
Dn ¼ Bn; for nP 2:
ð6:4Þ
The constants A1 and C1 can be determined from conditions (4.3)2
and (6.4)1. Indeed, by using (6.1)–(6.3) we have
A1 sinh2a1 þ C1 cosh2a1 ¼ 0; ð6:5Þ
so that Eqs. (6.5) and (6.4)1 imply
A1 ¼ C1 ¼ 0; ð6:6Þ
and thus from (6.2)2 it follows that
W1ðaÞ ¼ 0: ð6:7Þ
After the introduction of the stresses (3.8) and (6.1) in the boundary
condition (4.4)1 we can compare like terms of the type sinnb and
cosnb, for n = 0,1,2,3, . . .. In particular, from the comparison of the
constant terms (n = 0) at both hands of Eq. (4.5)1 by using (6.6)
one obtains
B1 ¼ A1 cosh2a1 þ B1 þ C1  B2
 
sinh2a1 þ p: ð6:8Þ
The introduction of (6.4) in (6.2) yields
UnðaÞ ¼ nðn2  1Þ An eðnþ1Þa þ Bn eðn1Þa
h i
;
WnðaÞ ¼ n½ðnþ 1Þ An eðnþ1Þa þ ðn 1Þ Bn eðn1Þa; for nP 2:
ð6:9Þ
The introduction of the shear stress (6.1)2 in the boundary condition
(4.3)2, by using (6.3), yields a recursive relation for the constant
Wnða1Þ similar to (5.8). Since Eq. (6.7) implies the vanishing of the
initial value W1ða1Þ then it follows that
Wnða1Þ ¼ 0; for nP 2: ð6:10Þ
Therefore, the introduction of (6.10) in Eqs. (6.9) evaluated at a = a1
yields the following expressions for the constants An and Bn, in
terms of Unða1Þ:
An ¼  e
ðnþ1Þa1
2nðnþ 1ÞUnða1Þ; Bn ¼
eðn1Þa1
2nðn 1ÞUnða1Þ; for nP 2:
ð6:11Þ
A comparison of the cosnb and sinnb terms, for nP 1, in (4.4)1, by
using (5.4)1, (5.7)1 and (6.9) yields:
Un1ða1Þ  2Unða1Þ cosha1 þUnþ1ða1Þ
¼ Un1ða1Þ  2Unða1Þ cosha1 þUnþ1ða1Þ: ð6:12Þ
From deﬁnitions (3.9)1 and (6.2) it follows that U1ða1Þ ¼ U1ða1Þ ¼ 0,
then the recursive relation (6.12) necessarily implies
Unða1Þ ¼ Unða1Þ; for nP 1: ð6:13Þ
The introduction of (6.3), (6.4), (6.6), (6.11) and (6.13), in the mod-
iﬁed stress and displacement functions (3.4) and (3.13) yieldshv ¼ B1 cos bþ
X1
n¼2
Unða1Þ
2n
eðn1Þðaa1Þ
n 1 
eðnþ1Þðaa1Þ
nþ 1
 	
cosnb;
hQ ¼ D0 sin b
X1
n¼2
Unða1Þ
n
eðn1Þðaa1Þ
n 1 
eðnþ1Þðaa1Þ
nþ 1
 	
sinnb;
ð6:14Þ
where the unknown constant D0 in hQ deﬁnes a rigid body transla-
tion of the circular inclusion along the x-axis.
6.1. Matching of the radial displacements along the contact boundary
By using (3.10), the condition (4.4)2 on radial displacements
writes
2c
o
oa
hv  hv
cosha cos b
 !
 o
ob
hQ  hQ
cosha cos b
 !
¼ 0; for a ¼ a1;
ð6:15Þ
where
c ¼ k 1
kþ 1 < 1: ð6:16Þ
The introduction of (3.4), (3.13) and (6.14) in (6.15) yields
½ð1 cÞcosh2a1 þ ðc cosh2a1  2Þ cosha1 cos bþ cos2 b B
 cp sinha1 cos bþ B D02 ðcosha1 cos b 1Þ
þ
X1
n¼2
Gn ½nðcosha1  cos bÞ cosnb sinb sinnb¼ 0; ð6:17Þ
where
Gn ¼ 1þ Knnðn2  1ÞUnða1Þ; for nP 2; ð6:18Þ
being
Kn ¼ sinh2nða1  a2Þ þ n sinh2ða1  a2Þ
2 sinh2nða1  a2Þ  n2 sinh2ða1  a2Þ
h i ; for nP 2: ð6:19Þ
Since Eq. (6.17) can be written in the form of a cosine Fourier
series expansion, then vanishing of like terms of the type cosnb,
for n = 0,1,2, gives the following equations:
D0 ¼ 2B ð1 cÞcosh2a1; ð6:20Þ
3G2 ¼ B ðcosh2a1  2Þ cosha1  2cp sinha1; ð6:21Þ
4G3 ¼ 4G2 cosha1 þ B; ð6:22Þ
respectively, whereas for nP 3 one obtains the following recur-
rence relation:
ðnþ 2Þ Gnþ1 ¼ 2n Gn cosha1  ðn 2Þ Gn1: ð6:23Þ
The coefﬁcients Gn for nP 2 can be determined by solving the
homogeneous linear difference equation of second order (6.23) with
the initial conditions (6.21) and (6.22) (see Elaydi, 2005), namely
Gn ¼ 2 cosha1 coshna1nðn2  1Þ
"
Bðn tanha1 tanhna1  1Þ
þ cp
sinh2a1
tanhna1  n tanha1ð Þ
#
; ð6:24Þ
for nP 2. Then, the corresponding coefﬁcients Un(a1) follow from
(6.19) and (6.24) as
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þ cp
sinh2a1
ðtanhna1  n tanha1Þ
#
; ð6:25Þ
for nP 3.
6.2. Condition of equilibrium
The condition of equilibrium for both members implies that the
resultant force of the tractions applied over the circular boundary
a = a1 must be null. According to Jeffery (1921), the component
along the x-axis of the resultant force of the tractions acting over
the circle a = const. is given by the integral
XðaÞ ¼
Z p
p
raða;bÞ oxoa db: ð6:26Þ
By introducing the stress ﬁeld (6.1)1 together with conditions
(6.3), (6.6) and (6.10), and using (2.2) and the following Fourier ser-
ies expansion introduced by Jeffery (1921):
ox
oa
¼ a 1 cos b cosha
ðcosha cosbÞ2
¼ 2a
X1
n¼1
nena cosnb; ð6:27Þ
vanishing of the resultant force (6.26) over the circle a = a1 yields
the following relation between the coefﬁcients Un(a1):
X1
n¼1
Un1ða1Þ  2Unða1Þ cosha1 þUnþ1ða1Þ½ ena1 ¼ 0: ð6:28Þ
If the index n in the ﬁrst and third term is shifted by +1 and 1,
respectively, then Eq. (6.28) can be written as
X1
n¼2
Unða1Þena1 ðea1  2 cosha1 þ ea1 Þ ¼ 0; ð6:29Þ
which is always true if Unða1Þena1 is ﬁnite as n?1. Since:
lim
n!1
Unða1Þena1 ¼ 43 B
cp
sinh2a1
 !
n sinha1; ð6:30Þ
then the condition of equilibrium (6.28) implies
B ¼ cp
sinh2a1
; ð6:31Þ
and, thus, from (6.25) and (6.31) it follows
Unða1Þ ¼ 2cp ena1 nþ cotha1ð1þ KnÞ sinha1 ; for nP 2: ð6:32Þ6.3. Transmissible torque
In this study, the pin-disk contact is assumed as frictionless and,
thus, with this model it is not possible to deﬁne accurately the
axial force needed to press-ﬁt the pin into the disk bore (Casta-
gnetti and Dragoni, 2005) as well as the transmissible torque (Stro-
zzi and Vaccari, 2003; Videnic and Kosel, 2004). However, it is
unlikely that the pressure distribution be signiﬁcantly modiﬁed
by the outcome of shear stresses along the pin-disk contact. Conse-
quently, a technically acceptable estimate of the two above quan-
tities may still be derived from this frictionless model, by
attributing to the shear stress at the outcome of slip a constant va-
lue obtained by multiplying the mean contact pressure by the coef-
ﬁcient of static friction ls. Under this approximation, the limit
value of torque T, which can be borne by the shrink-ﬁt assembly
and still avoid slip between ring and inclusion, can be calculated
from the following equation:T ¼ lsr2
Z p
p
raða1;bÞdh
¼ lsr2 sinha1
Z p
p
raða1;bÞ
cosha1  cos b db; ð6:33Þ
where relation (2.7) has been used. The introduction of the contact
stress (3.8)1 for a = a1 in (6.33), with the help of (5.4), (5.6) and
(6.31) and the following deﬁnte integral (Miyao, 1958):Z p
p
cosnb
cosha cosb db ¼
2p ena
sinha
; ð6:34Þ
which is valid for nP 0 and a > 0, then yields
T ¼  2plsr2
X1
n¼2
nþ cotha1
nðn2  1Þ e
naUnða1Þ sinha1
"
þ cp 2 tanhða1  a2Þ þ sinh2a1  sinh2a2
2 sinh2a1
þ q
#
: ð6:35Þ
Finally, a substitution of the result (6.32) in (6.35) gives the limit va-
lue of torque as
T ¼ 2pcls pr2
X1
n¼2
2ðnþ cotha1Þ2e2na1
nðn2  1Þð1þ KnÞ
"
 2 tanhða1  a2Þ þ sinh2a1  sinh2a2
2 sinh2a1
 q
p
#
: ð6:36Þ6.4. Cesaro integral compatibility condition
For the slipping circular interface the strain ﬁelds must obey the
integral condition on the interface strain jump derived by Marken-
scoff (1996) and Markenscoff and Jasiuk (1998) by employing the
Cesaro’s formula, namelyI
½½eb dh ¼ 0; ð6:37Þ
where
½½eb ¼ lim
a!aþ
1
ebða;bÞ  lim
a!a1
ebða;bÞ; ð6:38Þ
is the jump in the hoop strain eb on both sides of the sliding inter-
face. Note that the compatibility condition (6.37) holds only if we
remove the hydrostatic stress state p within the inclusion, which
is applied in order to exactly ﬁt the inclusion within the disk hole.
By using (2.7) and (3.14), from (6.37) it follows that
sinha1
2p
Z p
p
½½rb  ð1 2cÞp
cosha1  cosb db ¼ 0; ð6:39Þ
where the deﬁnition (6.16) of c has been introduced and
½½rb ¼ lim
a!aþ1
rbða;bÞ  lim
a!a
1
rbða;bÞ
¼ rbða1;bÞ  rbða1;bÞ; ð6:40Þ
and also being from (4.2)
½½ra ¼ lim
a!aþ
1
raða; bÞ  lim
a!a1
raða;bÞ ¼ p: ð6:41Þ
From (3.7)2, one obtains
rbða1;bÞ ¼ B sinha1ðcosha1  cos bÞ
þ 1
2
X1
n¼1
ðnþ 1Þunða1Þ u00nða1Þ

 
cosðn 1Þb
þ ðn 1Þunða1Þ u00nða1Þ

 
cosðnþ 1Þb
þ 2 u00nða1Þ cosha1 u0nða1Þ sinha1

 
cosnb

; ð6:42Þ
then, by using (6.34) from (6.42) it follows
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2p
Z p
p
rbða1;bÞdb
cosha1 cosb¼ Bsinha1ðcosha1 e
a1 Þ
þ1
2
X1
n¼1
ðnþ1Þunða1Þu00nða1Þ

 
eðn1Þa1

 ðn1Þunða1Þþu00nða1Þ

 
eðnþ1Þa1
þ2 u00nða1Þcosha1u0nða1Þsinha1

 
ena1

:
ð6:43Þ
Application of result (6.43) on both sides of the circular interface, by
considering (6.3)1, yields:
sinha1
2p
Z p
p
½½rbdb
cosha1  cos b
¼ B sinh2a1 þ
X1
n¼1
ðn sinha1 cosha1Þ unða1Þ unða1Þ½ f
 sinha1 u0nða1Þ u0nða1Þ

 
ena1 : ð6:44Þ
Since, from (5.4)1, (5.7)1, (6.7), (6.10) and (6.13) it follows that
u1ða1Þ¼u1ða1Þ
B
2
sinh2a1þp; u01ða1Þ¼0; u01ða1Þ¼B;
unða1Þ¼unða1Þ; u0nða1Þ¼u0nða1Þ¼0; for n>1;
ð6:45Þ
then, after some algebraic manipulations the introduction of (6.45)
in (6.44) yields
sinha1
2p
Z p
p
½½rbdb
cosha1  cosb ¼ 2B sinh
2a1 þ p: ð6:46Þ
Therefore, by using the expression (6.32) for the constant B and the
value of the integral (6.34) for n = 0, the introduction of the latter
equation (6.46) in condition (6.39) yields an identity, thus proving
that the strain ﬁelds for the ring and the slipping inclusion obey
the Cesaro integral condition.6.5. Limiting behavior as the ligament thickness becomes vanish small
For the problem of a hole in a halfplane, Markenscoff and Dun-
durs (1992) noted that the sum of inﬁnite series in the hoop stress
does not converge uniformly as the ligament thickness becomes
vanishing small. This behavior makes the Jeffery approach unable
to predict the limiting behavior of the stress in the ligament, also
for the present problem. In order to investigate a similar problem,
Wu and Markenscoff (1997) developed a relatively simple method
of singular asymptotic analysis, which allows the order of the sin-
gularity and the leading order term of the hoop stress to be evalu-
ated as the ligament thickness tends to vanish.
For the present problem, the hoop stress at the inner border of
the ligament can be obtained from the expression (3.7)2 of rb for
a vanishing small ligament thickness, namely for k? 0. In this case
indeed:
a1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Rk
R r
r
; a2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2rk
ðR rÞR
s
; ð6:47Þ
and thus both a1 and a2 tend to vanish as k? 0. Therefore, by intro-
ducing the expression obtained for the constants of the eccentric
disk in Sections 5 and 6, from (3.7)2 one may obtain
rbða1;pÞ ¼ qþ cp
2sinh2a1
sinh 2a1 þ sinh2a2  2 tanhða1  a2Þ½
þ 4 sinha2
coshða1  a2Þ
	
þ cp lim
b!p
X1
n¼2
Nn cosnb; ð6:48Þ
whereNn ¼ 2ena1 cosha1 þ n sinha1
Jn sinh
2a1
n ðn2 þ 1Þ cosha1

þn cosha1  n
2  2
n2  1
 
cosh2ða1  a2Þþ
þ1
n
cosha1  n
2
n2  1
 
cosh 2nða1  a2Þ½ 

; ð6:49Þ
being
Jn ¼ n2  1þ cosh 2nða1  a2Þ½  þ sinh 2nða1  a2Þ½  cosha1
 n2 cosh2ða1  a2Þ þ n sinh2ða1  a2Þ:
By using (6.47), a rough calculation of the limit value of the hoop
stress (6.48) as k? 0, yields
rb ¼ qþ 4cp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R r
2Rk
r
r
R
þ 1 r
R
 X1
n¼2
cosnp
" #
6 qþ 4cp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R r
2Rk
r
: ð6:50Þ
The limit value of the hoop stress in the ligament oscillates and does
not converge as k? 0. However, it displays the square root singu-
larity and the coefﬁcient of the leading order term is bounded. For
a more reﬁned evaluation of the hoop stress in the ligament, refer-
ence can be made to the singular asymptotic method developed by
Wu and Markenscoff (1997), which can be directly applied to the
expression (6.48) for the hoop stress.
7. Results
A plane stress condition and a vanishing loading q on the outer
boundary are assumed in the following. The Young’s modulus and
Poisson’s ratio for both members are E = 210 GPa and m = 0.3. The
geometry of the disk is deﬁned by the ratios
r
R
¼ 0:2; e
R
¼ 0:6: ð7:1Þ
For a similar problem, Wu and Markenscoff (1997) found that the
number N of terms required for the series to converge is N  12/
(a1  a2). Since the geometry ratios (7.1) yield a1  a2 = 1.12, then
the results are plotted by considering the contribution of the ﬁrst
15 terms in the series. Preliminary tests showed that this number
of terms is suitable for obtaining very accurate results, at least for
a ﬁnite ligament thickness.
For practical use it is interesting to show the variation of the
effective stress, re, calculated according to von Mises under plane
stress conditions, namely
re ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2a þ r2b  rarb þ 3s2ab
q
: ð7:2Þ
Displacements and stresses along the circles a = a1 and a = a2,
are shown in Figs. 2 and 3, respectively, where displacements
and stresses are normalized by radial interference d and pressure
p, respectively. In particular, the angular variations of radial and
tangential displacements along the contact contour at a = a1 are
shown in Fig. 2a and b, respectively. The difference between the
tangential displacements in Fig. 2b provides the slip along the
interface.
The angular variations of the stress ﬁeld at the inner border
a = a1 of the eccentric ring, are plotted in Fig. 3a. For the eccentric-
ity considered in Fig. 3a, the hoop stress (dashed line) exhibits a
plateau for 140 < h 6 180 where it attains its maximum. Differ-
ently, the maximum of the effective stress (dash-dotted line)
occurs at h  ± 127. The contact stress exchanged between the
eccentric ring and the circular inclusion at a = a1 (solid line in
Fig. 3a) turns out to be negative and locally coincides with the hoop
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Fig. 2. Angular variations of (a) radial ur = ua and (b) tangential uh = ub displacements of the eccentric ring and circular inclusion along the interface, namely at a = a1,
normalized by the radial interference d of the inclusion.
θ
-180 -90 0 90 180
0 
0.2 
0.4 
0.6 
0.8 
r/R = 0.2  
e/R = 0.6  
a 
σe /p 
σθ /p 
−σr /p
α = α1
θ
-180 -90 0 90 180
-0.1
0
0.1
0.2
0.4
r/R = 0.2  
e/R = 0.6 
σθ /p
0.3
b α = α2
Fig. 3. Angular variations of (a) effective von Mises re, hoop rh = rb and radial rr = ra stresses along the inner border of the eccentric ring at a = a1, and (b) hoop stress at the
outer border a = a2. All stresses are normalized by p.
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interpreted as a generalization of a similar classical result which
holds for a half plane loaded by a non-uniform pressure, where
the normal stress parallel to the half plane border locally coincides
with the pressure applied along the half plane border (Johnson,
1987). Moreover, accordingly to the deﬁnition (7.2) valid under
plane stress conditions, the effective von Mises stress along the cir-
cular inclusion periphery locally coincides with the modulus the
radial contact stress.
The hoop stress along the outer border of the eccentric disk,
plotted in Fig. 3b, attains a maximum at h = p in the ligament. It
rapidly decreases for smaller values of h and becomes slightly neg-
ative, and thus compressive, for jhj < 130, namely on the opposite
side of the inclusion.
The variations of effective von Mises re, hoop (rh = rb) and
radial (rr = ra) stresses along the inner border of the eccentric ring
for larger eccentricities, namely for e/R = 0.7 and 0.75, are plotted
in Fig. 4. As the eccentricity increases, both effective and hoop
stresses attain their maximum in the ligament along the symmetry
axis at h = ± 180. Moreover, their values remarkably increase for
small ligament thickness and become unbounded for a vanishing
small ligament, namely as the eccentricity e approaches its limit
value elim = R  r.
The contact stress rr displays a maximum at about h  103 for
e/R = 0.6, and its location moves towards a little bit larger values of
the angular coordinate for larger eccentricity, whereas the mini-
mum of the contact stress occurs at h = ± 180.The variations of effective stress re and normal stresses rx and
ry along the symmetry axis are plotted in Fig. 5, for the geometry
ratios considered in (7.1) and also for a larger eccentricity ratio.
For small eccentricity (Fig. 5a) the largest effective and hoop
stresses occur at the point B, located in the ligament near the inter-
face (see also Fig. 9). However, for larger eccentricity the location of
the largest effective and hoop stresses move from the point B to the
point A near the outer border. A similar trend is also exhibited if
the ligament thickness is reduced by increasing the radius of the
inclusion while keeping the eccentricity ratio constant.
The variations of the hoop stress at the points A, B and C with
the eccentricity ratio and the ratio between the radii of the two cir-
cles are plotted in Fig. 6a and b, respectively. In particular, Fig. 6a
shows that for r/R = 0.2 the maximum hoop stress in the ligament
shifts from the point B to the point A when e/R > 0.68. Similarly,
Fig. 6b shows that for e/R = 0.6 the maximum hoop stress in the lig-
ament shifts from the point B to the point A when r/R > 0.272.
The variations of the effective von Mises stress at the points A, B
and C with the eccentricity ratio and with the ratio between the
radii of the two circles are plotted in Fig. 7a and b, respectively.
Fig. 7a shows that for e/R > 0.744 and r/R = 0.2 the effective stress
at the point A becomes larger than at the point B, whereas
Fig. 7b shows that for e/R = 0.6 the effective stress at the point B
is always larger than at the point A, for every value of the ratio r/R.
Note in Figs. 6 and 7 that the effective and hoop stresses become
unbounded in A and B and tend to vanish in C as the thickness of
the ligament k tends to be vanishing small, namely as the
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Fig. 4. Angular variations of effective von Mises re, hoop rh = rb and radial rr = ra stresses along the inner border of the eccentric ring, namely at a = a1, for large
eccentricities, namely for e/R = 0.7 (a) and e/R = 0.75 (b). All stresses are normalized by p.
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and outer radii tends to 0.4 for the geometry considered in these
Figures. A comparison between hoop and effective stresses at the
points A and B for varying eccentricity and ratio between inner
and outer radii is presented in Fig. 8. The zone in the plane e/R ver-
sus r/R where the hoop stress in A is larger than in B is bounded by
a solid line. Moreover, contained within this area there is a smallerzone enclosed by a dash-dotted line where the effective stress in A
is larger than in B. The two particular cases of e/R = 0.6 and r/R = 0.2
considered in Figs. 6 and 7 are denoted by two dotted lines.
Finally, the contour plot of the effective von Mises stress (7.2),
given in Fig. 9 for small and large eccentricities, conﬁrms that as
the eccentricity increases the location of the maximum effective
stress moves along the inner border of the eccentric ring (Fig. 9a)
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Fig. 8. Comparison between hoop and effective stresses at the points A and B for
varying eccentricity and ratio between inner and outer radii. The dashed line
denotes the upper bound corresponding to a vanishing small ligament thickness.
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the point A on the outer border of the disk (Fig. 9b).
In order to see if the present approach provides convergent re-
sults to the series for thin ligaments, the variation of the hoop
stress at point B normalized by p with the ligament thickness k is
plotted in Fig. 10 in logarithmic form, for different numbers of
terms considered in the series. The number of terms which must
be included in order to obtain an accurate evaluation of the hoopFig. 9. Variations of effective von Mises stress re near the circular instress in the ligament is found to increase as the ligament becomes
thinner. In particular, it can be observed that the results provided
by series with an odd number of term (n = 11,15,21) approach
the most accurate variation obtained for n = 50 from below,
whereas the results provided by series containing an even number
of terms (n = 10,16,20) approach the accurate variation from
above. This trend agrees with the oscillating behavior predicted
by Eq. (6.50). The number of 15 terms considered in the examples
provides a correct stress distribution up to a ligament thickness of
about 0.005R.
Fig. 11 shows the variation of the limit torque T with the eccen-
tricity ratio e/R for three different values of the ratio between inner
and outer radii. The capacity of a shrink-ﬁt assembly to avoid slip
along the inclusion interface produced by an applied torque de-
creases as the eccentricity increases. In particular, a very rapid de-
crease is observed at large values of eccentricity. In particular, if
the inclusion radius is small with respect to the disk radius, then
the reduction occurs only for very large eccentricity (dotted line)
and the capacity of torque transmission is almost unaltered up to
the limit eccentricity, whereas for large inclusion radius a consid-
erable reduction occurs also for small eccentricity (dashed line).
In the following, a comparison is presented between the ﬁnite
element results obtained by Strozzi and Vaccari (2003) and the ex-
act solution provided by the present work. Reference is made to
the common crankweb geometry described by the ratios (7.1).
From Figs. 2 and 3 in Strozzi and Vaccari (2003), the minimum
and maximum contact pressures, normalized by the parameter
Ed/r = 0.7p (for m = 0.3 from formula (4.1)), are 0.38 and 0.44,
respectively. Analogously, from Fig. 8 in Strozzi and Vaccariclusion, normalized by p, for small (a) and large (b) eccentricity.
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Fig. 10. Logarithmic plot of the variation of the hoop stress at point B normalized by
p with the ligament thickness k, for different numbers of terms considered in the
series.
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Fig. 11. Variation of the limit torque T which can be borne by the shrink-ﬁt
assembly with the eccentricity ratio, for three different values of the ratio between
inner and outer radii.
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border of the eccentric disk, normalized by Ed/r, are about 0.49 and
0.53, respectively. Moving to the results of the present work, the
minimum and maximum contact pressures in Fig. 3 are 0.272p
and 0.312p, respectively; these values correspond to 0.389Ed/r
and 0.445Ed/r, and thus they appear to be in very good agreement
with the values 0.38 and 0.44 obtained by Strozzi and Vaccari
(2003). Again from Fig. 3 of the present work, the disk minimum
and maximum hoop stresses are 0.349p and 0.448p, respectively;
these values correspond to 0.498Ed/r and 0.64Ed/r, and they also
reasonably agree with the values 0.49 and 0.53 found in the anal-
ysis of Strozzi and Vaccari (2003).
A fairly good agreement also exists between the limit value of
the torque provided by the present work and the results obtained
by the latter authors. Indeed, the curve in Fig. 9 of Strozzi and Vac-
cari (2003) for a solid inclusion almost coincides with the dotted
line in Fig. 10 of the present work, corresponding to the same ratio
r/R = 0.1, except for the amplitude factor 1  m = 0.7 which arises
from the different normalization adopted for the limit torque in
the two works under scrutiny.8. Conclusions
An analytical solution for the stresses in an elastic circular disk
with an eccentric circular hole containing a press ﬁtted circular
inclusion made of the same elastic material and in frictionless con-tactwith thedisk, hasbeenderivedhereinby following theapproach
proposed by Jeffery (1921) for the solution of plane elastic problems
in bipolar coordinates. In the solution here obtained the tangential
stress at the interface between the eccentric ring and the inclusion
is assumed to vanish, so that only normal contact stress can be ex-
changed between the two members. The obtained results obey the
Cesaro integral compatibility condition on the interface strain jump
for a slipping circular interface. It is also observed that along the bor-
derof the circular inclusion thehoopstress locally coincideswith the
contact pressure, in agreement with a similar classical result valid
for a half plane (Johnson, 1987).
The maximum values of the effective and hoop stresses occur
along the symmetry axis for large eccentricity and small ligament
thickness. However, they deviate from the symmetry axis if the
thickness of the ligament is large enough. Moreover, the maximum
hoop stress in the ligament increases with the eccentricity and be-
come unbounded as the ligament thickness k tends to be vanishing
small. The order of singularity of the hoop stress in the ligament is
found to be O(1/
p
k). A similar behavior also holds for the effective
von Mises stress. The number of terms which must be included in
the series for an accurate evaluation of the hoop stress in the liga-
ment is found to increase as the ligament becomes thinner. In par-
ticular, the results provided by series with an odd or an even
number of term approach the most accurate result from below or
above, respectively.
Although the worked out examples did not exhibit tensile nor-
mal tractions at the interface between the eccentric ring and inclu-
sion, it must be pointed out that these may arise for different
loading conditions, e.g. for sufﬁciently large tensile loading q, thus
implying a tendency to debond in the normal direction, which is
not allowed by the boundary conditions here considered. More
realistic boundary conditions, which would allow for a local
debonding and give rise to a mixed boundary value problem, will
be considered in a forthcoming paper.
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